Abstract. By 'a quadratic function field' is meant the affine function field of a nonsingular quadratic form of dimension > 2. What quadratic function fields contain a given quadratic function field k(P )? This problem is solved here for quadratic forms P of dimensions 3 and 4, and an application to the Zariski cancellation problem for quadratic function fields is given.
Introduction
Let k be a field of characteristic = 2, and let P, Q be nonsingular quadratic forms of dimension > 2. By a quadratic function field k(P )/k we shall mean the affine function field of the form P . Thus, dim k(P)/k = (dim P) − 2. If k(P ) is k-isomorphic to a subfield of k(Q), denoted k(P ) → k(Q), then k(P ) will be called a quadratic subfield of k(Q) and k(Q) a quadratic overfield of k(P ).
Classical theorem. If P and Q are conics, with P anisotropic, then k(P ) → k(Q) implies k(P ) ∼ = k(Q).
Removing the restriction that Q be a conic (i.e., that dim Q = 3), we have the 0.2 Generalization. If P is an anisotropic conic, then the quadratic overfields of k(P ) are (up to isomorphism) k(P ) and k(P )(t), t transcendental over k(P ).
Since every (nonsingular) conic is similar (denoted ≈) to a codimension 1 subform of a 4-dimensional Pfister form, this assertion is, in turn, a corollary to the 0.3 Theorem. Let P be an anisotropic Pfister form of dimension > 2 and P be a codimension 1 subform of P . Then
(1) k(P ) is the only quadratic overfield of k(P ), and (2) the quadratic overfields of k(P ) are exactly k(P ) and k(P ) = k(P )(t).
This brings up the general

Quadratic overfield problem. Given a quadratic function field k(P )/k, classify (up to k-isomorphism) the quadratic overfields of k(P ).
Generalization 0.2 solves this problem for P of dimension 3, and the following theorem solves it for P of dimension 4. a, b, c and Q ≈ 1, a, b, ab . (Furthermore, k( 1, a, b, ab ) is a simple transcendental extension of the function field of the conic 1, a, b .)
Theorem. Let P be an anisotropic 4-dimensional form and Q be a form such that k(P ) ∼ = k(Q). Then there exists an embedding
A knowledge of the overfields of a given quadratic function field K provides, for that K, a solution to the Quadratic Zariski problem (See §3). Suppose K/k and K /k are quadratic function fields and there exist a finite set of m elements x algebraically independent over K and a finite set of m elements x algebraically independent over K such that
The hypothesis of the Zariski problem implies K → K and K → K (cf. [O1] or [O2] ), hence each field is an algebraic extension of the other, so the quadratic Zariski problem has an affirmative answer in the following cases:
is the function field of a Pfister form P of dimension > 2 or of a codimension 1 subform of P , by 0.3.
(iv) K/k is the function field of a subform of codimension ≤ 4 of a Pfister form P of dimension > 4, by (ii) and [AO, Corollary 2.6 .1].
(v) dim K/k = 3, by (iv) and the Main Theorem of [H1] . (My thanks to Detlev Hoffmann for this observation.)
The tools needed for these results are already implicit in the fundamental works of Knebusch [K] and, especially, Wadsworth [W] , and the proofs given here are for the most part variations on arguments from their papers. Some of the results are apparently known to quadratic forms experts (but to my knowledge they have never been published). For instance, according to the introduction of [H1] , 2.2 can be found in the 1974 thesis of D.B. Shapiro.
Notation and terminology.
We fix a base field k of characteristic = 2 and a universal domain Ω/k (i.e., Ω is an algebraically closed extension field of k which is of infinite transcendence degree over k). Thus, 'elements' come from Ω, 'fields' are extensions of k and subfields of Ω, 'isomorphism' means k-isomorphism, 'irreducible' means irreducible over k, etc. The set of nonzero elements of k is denoted k * .
Forms. By 'a form Q of dimension n' we shall always mean a nonsingular (diagonal) quadratic k-form of dimension n, i.e., Q = a 1 , . . . , a n := a 1 X 2 1 + . . . + a n X 2 n , with a i ∈ k * . A form of dimension 3 is called a conic. Two forms are isomorphic (or isometric), Q ∼ = Q , if there exists a nonsingular homogeneous change of variables transforming one into the other; and two forms are similar,
2 (or, by abuse of language, any representative of it) is called the determinant of Q and denoted det Q. If Q = b 1 , . . . , b m , then Q ⊥ Q := a 1 , . . . , a n , b 1 , . . . , b m , and Q is a subform of a form P if there exists a form Q such that P ∼ = Q ⊥ Q . The form Q is isotropic if it has a nontrivial k-zero, and anisotropic otherwise; and a field K containing a nontrivial K-zero of Q is called an isotropy field for Q. If there exist
A general reference for quadratic forms will be [L] .
Function fields.
A function field is a finitely generated field extension K/k, or sometimes just K. We use dim for the transcendence degree of a function field. A pure transcendental function field is also said to be rational, and we consider the case that K = k as a rational extension of dim 0. A generic zero of an irreducible polynomial f (X) in n indeterminates (over k) is an n-tuple (x) of elements (from Ω) such that f (x) = 0 and dim k(x)/k = n − 1. Every irreducible polynomial has a generic zero, which determines a field extension k(x)/k up to k-isomorphism; and the function field of f (X) is defined to be this extension k(x)/k (or, more precisely, any element of the isomorphism class of this extension).
The affine function field of, or defined by, an irreducible form Q(X 0 , X 1 , . . . , X n ) is the function field of the dehomogenized polynomial Q(1, X 1 , . . . , X n ) (which is also irreducible) and is denoted k(Q). The adjective 'affine' will henceforth be dropped, it being understood that by function field of a form we mean its affine function field. (Note: The function field of a form is independent of which indeterminate is used to dehomogenize the form.) Similarly, by a generic zero of Q is meant a generic zero of the dehomogenized polynomial. A function field of a (quadratic) form is also called a quadratic function field for short.
Throughout the paper P and Q will denote forms of dimension > 2. Such forms are irreducible. Note also that Q is isotropic iff k(Q)/k is rational (e.g. [K, I, p. 72, Proposition 3.8] or [O3, p. 358, Lemma 5.7] ), and an anisotropic form remains anisotropic over a rational extension (cf. [L, p. 255 , Lemma 1.1]).
Proof of 0.3
Since P always becomes isotropic over its function field k(P ), and therefore also over any field containing k(P ), and since k(P ) → k(Q) implies dim P ≤ dim Q, we have the 'only if' direction of the following proposition, which translates the overfield problem into an isotropy problem.
Theorem. There exists an embedding k(P ) → k(Q) if (and only if ) P is isotropic over k(Q) and dim
Proof. Let (x) be a generic zero of (the dehomogenized) P over k(Q). Then (x) is a fortiori a generic zero of P over k, so
Recall that Q is called a Pfister neighbor of a Pfister form Q
+ of dimension n if Q is similar to a subform of Q + of dimension > n/2. A Pfister neighbor Q and its associated Pfister form Q + have the same isotropy fields ( [K, II, ; so by 1.1 k(Q) → k(Q + ), and if P is isotropic over k(Q) and dim P ≤ dim Q + , then there exists an embedding k(P ) → k(Q + ). For example, by taking P = 1, a, b, c , Q = 1, a, b , and Q + = 1, a, b, ab , we obtain the following corollary, which yields the 'if' portion of 0.4.
1.4 Lemma. Two codimension 1 subforms of the same Pfister form are similar.
Proof. Suppose P + is the given Pfister form and Q 1 ,Q 2 are the codimension 1 subforms of P + :
Since P + is Pfister and P + represents a i ,
Hence by Witt cancellation a 1 Q 1 ∼ = a 2 Q 2 .
1.5 Corollary. If P is a codimension 1 subform of a Pfister form P + , then k(P + ) is a simple transcendental extension of k(P ).
Proof. Knebusch (cf. [K, I, has observed that if P is a 'special' codimension 1 subform of a Pfister form P + , then k(P + ) is a simple transcendental extension of k(P ); and by 1.4 the same is therefore true of every codimension 1 subform of P + .
More generally, if P is a Pfister neighbor of codimension ≤ 4 of a Pfister form
The proofs of 0.3 and 0.4 hinge on the
Theorem. Suppose P is anisotropic and similar to a subform of codimension 0 or 1 of a Pfister form P + . Then P becomes isotropic over k(Q) (if and) only if either Q ≈ P
+ or Q is similar to a subform of P .
Proof. If codim P = 0, i.e. if P ≈ P + , then Q is similar to a subform of P + by [K, I, p. 75, Lemma 4.5] or [W, p. 354, Theorem 2] . If codim P = 1, then P isotropic over k(Q) implies the same of P + ; and therefore by the codimension 0 case Q is again similar to a subform of P + . Thus, Q is similar to either P + itself or to a subform of a codimension 1 subform of P + . In the latter case Q is similar to a subform of P by 1.4.
The next corollary, together with 1.5, gives Theorem 0.3.
Corollary. Suppose P is anisotropic and k(P ) → k(Q).
(
1) If P is similar to a Pfister form, then Q ≈ P (hence k(P ) ∼ = k(Q)). (2) If P is similar to a codimension 1 subform of a Pfister form P + , then either
Q ≈ P + or Q ≈ P (hence k(Q) ∼ = k(P + ) or k(Q) ∼ = k(P )). 1.8 Corollary. Suppose k(P ) → k(Q) and dim P = dim Q. Then P ≈ Q if either (1
) P is anisotropic and similar to a Pfister form or a codimension 1 subform of a Pfister form, or (2) Q is anisotropic and similar to a Pfister form or a codimension 1 subform of a Pfister form, and [k(Q) : k(P )] is odd.
Proof. The first assertion is by 1.7, and the second may be seen as follows: if [k(Q) : k(P )] is odd, then Q is isotropic over k(Q) implies Q is also isotropic over k(P ), by Springer's theorem (cf. [L, p. 198 , Theorem 2.3]), and then Q ≈ P by 1.6.
If Q is an anisotropic conic (hence similar to a codimension 1 subform of a Pfister form) and k(P ) → k(Q), then P is anisotropic (equivalently, Q ≈ P ) if and only if [k(Q) : k(P )] is odd; see [O3, §21.5 ] for a computational proof of this result, which also shows that [k(Q) : k(P )] can be any odd natural number. Incidentally, I can also give a computational proof of 1.3 which shows that there exists an embedding k(P ) → k(Q) with [k(Q) : k(P)] any prescribed even natural number, for the 4-dimensional forms P = 1, a, b, c and Q = 1, a, b, ab . 
Proof of 0.4
Recall that forms of dimension 4 have function fields of dimension 2. Moreover, if dim P = 4, then P is similar to a Pfister form iff det P = 1. The main tool in dealing with function fields of 4-dimensional forms is 2.1 Wadsworth's descent theorem ([W, p. 357 
]). Let P, Q be (nonsingular) forms of dimension 4 with the same determinant d. Then P ≈ Q if (and only if )
P ≈ k( √ d) Q.
Theorem. Let P be an anisotropic form of dimension 4 and Q be a conic. Then P becomes isotropic over k(Q) (if and) only if Q is similar to a subform of
, and c = d/ab. Then P and R := 1, a, b, c both have determinant d, and Q is a subform of R; so by Wadsworth's descent theorem it suffices to show that P ≈ k R. This will follow from 1.6, provided we verify that P is similar to an anisotropic Pfister form over k and P becomes isotropic over k (R).
Moreover, over k the form Q is a codimension 1 subform of the Pfister form R, so by 1.5 k (Q) → k (R). Therefore, P is isotropic over k (Q) implies that P is isotropic over k (R).
Since det k P = 1, P is similar to a Pfister form over k ; hence it only remains to check that P is anisotropic over k , which follows from the 2.3 Lemma. Let P be an anisotropic form of dimension 4 with determinant d.
Remark. I have recently received preprints [H1] , [H2] , [H3] of some beautiful and penetrating work of Detlev W. Hoffmann (Universität Essen, D-45326, Essen, Germany) on the general question: If an anisotropic form P becomes isotropic over k (Q) , under what conditions does it follow that Q is similar to a subform of P ? In particular, he mentions in the introduction to [H1] that Wadsworth has given an example (cf. [L2] ) which shows that 2.2 does not generalize to forms of dimension 5, and he proves in [H1, Main Theorem] that the only kind of 5-dimensional counterexample to a generalized 2.2 is a form of the shape 1, a, b, ab, c .
Corollary (to 2.3). If an anisotropic form P of dimension 4 becomes isotropic over
Proof. For if we extend the base field to k := k( √ det P ), then P is similar to an anisotropic Pfister form over k (by 2.3) which becomes isotropic over k (Q), and therefore by 1.6 dim Q ≤ dim P . Proof. By 1.5 k(Q) is a simple transcendental extension of k( 1, a, b ), so P isotropic over k(Q) implies P isotropic over k ( 1, a, b ) . But then by 2.2 1, a, b is similar to a subform of P , which in turn implies that P ≈ 1, a, b, c for some c.
We turn next to the analogue of 2.5 with det Q = 1.
2.6 Theorem. Let P be an anisotropic form of dimension 4 and Q be a form of dimension 4, and assume further that det Q = 1. Then P becomes isotropic over k(Q) (if and) only if Q is similar to P .
. Then P is anisotropic over k (2.3) and similar to a Pfister form over k , so by 1.6 Q is similar to P over k . But then det Q is a square in k , and we may assume k = k . Therefore √ d / ∈ k, and by hypothesis
, from which it follows that det Q = det P. Hence Q ≈ P by Wadsworth's descent theorem.
The conclusion of 2.6 is false without the det Q = 1 hypothesis. For, let P = 1, a, b, c and Q = 1, a, b, ab , with c a nonsquare. Then P ≈ Q, since their determinants are distinct, but P becomes isotropic over k( 1, a, b ) and therefore also over
Note that 2.5 and 2.6 yield Wadsworth's theorem [W] Note first that dim Q = 4 by 2.4. Then by 2.6 and the hypothesis k(P ) ∼ = k(Q), det Q = 1; and therefore there exist a, b, c ∈ k * such that Q ≈ 1, a, b, ab . By 2.5 there exists c ∈ k * such that P ≈ 1, a, b, c ; and by 1.7 P cannot be similar to a Pfister form, so det P = 1 and therefore √ abc / ∈ k.
The quadratic Zariski problem
We want to first make explicit the argument for going from 0.4 to an affirmative answer to the quadratic Zariski problem for function fields of 4-dimensional forms. Thus, suppose K and K are function fields of quadric surfaces such that
, we may further assume that K/k and K /k are not rational. Then by 0.4 K and K are function fields of Pfister forms, and by 1.7 we are done.
The hypothesis of the quadratic Zariski problem has some simple reformulations:
3.1 Proposition. Let P and P be forms of the same dimension (> 2). Then the following are equivalent:
(1) There exists a finite set x (resp., x ) of elements algebraically independent over k(P ) (resp., k(P )) such that k(P )(x) = k(P )(x ). (2) There exist embeddings k(P ) → k(P ) and k(P ) → k(P ). (3) P is isotropic over k(P ) and P is isotropic over k(P ). (4) P and P have the same isotropy fields.
(5) If (x) is a generic zero of P over k(P ) and (x ) a generic zero of P over k(x), then k(x, x ) is rational over both k(x) and k(x ).
Proof.
(1) ⇒ (2) by [O1] , (2) ⇒ (3) because P is isotropic over k(P ), (3) ⇒ (4) because there exists a place from k(P ) to any isotropy field for P [K, I, p. 69, Theorem 3.3] , (4) ⇒ (5) because P is isotropic over k(P ) implies k(x, x )/k(x ) is rational, and (5) ⇒ (1) is immediate.
Thus, one reformulation of the problem is: If P, P are anisotropic forms of the same dimension with the same isotropy fields, does it follow that P and P define the same function field? Equivalently, if there exists a place from each function field to the other, does it follow that k(P ) ∼ = k(P )? Knebusch [K, I, p. 68 ] discusses such a notion of 'place equivalence' of quadratic function fields, but he does not go so far as to ask whether it implies isomorphism of the fields for forms of the same dimension. As summarized in §0, the first open case of this question is for forms P, P of dimension 6.
Finally, there is a (difficult) counterexample [B] to the Zariski problem for arbitrary (i.e., not necessarily quadratic) function fields. In this example K is the function field of a cubic surface rationally fibered by conics, and there exist elements x 1 , x 2 , x 3 algebraically independent over K such that K(x 1 , x 2 , x 3 )/k is rational; see [O2] and [O3] for further remarks on the example.
